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ON CR EMBEDDINGS OF STRICTLY PSEUDOCONVEX
HYPERSURFACES INTO SPHERES IN LOW DIMENSIONS
PETER EBENFELT AND ANDRE´ MINOR
Abstract. It follows from the 2004 work of the first author, X.Huang, and D. Zaitsev
that any local CR embedding f of a strictly psedoconvex hypersurface M2n+1 ⊂ Cn+1
into the sphere S2N+1 ⊂ CN+1 is rigid, i.e. any other such local embedding is obtained
from f by composition by an automorphism of the target sphere S2N+1, provided that the
codimension N − n < n/2. In this paper, we consider the limit case N − n = n/2 in the
simplest situation where n = 2, i.e. we consider local CR embeddings f : M5 → S7. We
show that there are at most two different local embeddings, up to composition with an
automorphism of S7. We also identify a subclass of 5-dimensional, strictly pseudoconvex
hypersurfaces M5 in terms of their CR curvatures such that rigidity holds for local CR
embeddings f : M5 → S7.
1. Introduction
In the theory of Levi nondegenerate (real) hypersurfaces M =M2n+1 in Cn+1, the role
of flat models is played by the nondegenerate hyperquadrics ([CM74]). In particular, in
the strictly pseudoconvex case, the flat model is the (unit) sphere S = S2n+1 ⊂ Cn+1,
given by
n+1∑
k=1
|zk|
2 = 1.
In recent years, great effort has being dedicated to the study of existence and unique-
ness/classification of transversal CR mappings sending a Levi nondegenerate hypersurface
M ⊂ Cn+1 into the corresponding flat model in a higher dimensional complex space CN+1.
The existence problem seems very difficult and delicate in general, and will not be ad-
dressed here; the reader is referred to e.g. [Web78b], [For86], [Far88], [Lem90], and [KO09],
[D’A11] for a sampling of results in this direction. In the case whereM is the sphere S2n+1
itself, the existence problem is of course trivial, but the uniqueness/classification problem
has attracted much attention. Here, uniqueness/classicication has to be understood in
the appropriate way. Given any CR mapping f : S2n+1 → S2N+1, automorphisms R and
T of S2n+1 and S2N+1, respectively, the mapping g := T ◦ f ◦R is a seemingly ”different”
mapping, but contains no interesting new information since the automorphism group of
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the sphere is well understood. (The automorphism group of S2N+1 consists of global au-
tomorphisms of complex projective space PN+1, and is isomorphism to SU(N + 1, 1).)
The classification problem consists of classifying mappings up to the equivalence rela-
tion given by this left/right action of the automorphism groups of the target and source
spheres. There is a vast literature on this topic. Mappings between spheres in general
are not the main focus of this paper and, therefore, we only refer the reader to the fairly
recent publications [HJX06], [DLP07] for more details and references.
A CR mapping, f0 : M
2n+1 → S2N0+1, of a strictly pseudoconvex hypersurface M ⊂
Cn+1 into the sphere S ⊂ CN0+1 is said to be rigid in a some codimensional rangeN−n < r
if any other CR mapping f : M2n+1 → S2N+1 with N−n < r is obtained as f = T ◦L◦f0,
where T is some automorphism of the target sphere S2N+1 and L denotes the linear
embedding of S2N0+1 into a subspace section of S2N+1. We shall say that rigidity holds (in
a given codimension range) if there exists a rigid mapping (for this range). If M = S2n+1,
then rigidity turns out to be equivalent to the statement that the obvious linear embedding
is the only non-constant CR mapping up to the equivalence described in the previous
paragraph. In this paper, we shall consider the situation where rigidity potentially breaks
down for non-constant CR mappings f : M2n+1 → S2N+1. As will be explained below,
in the case where M = S2n+1 this situation is understood due to the work of X. Huang
and S. Ji ([HJ01]). To date, however, nothing seems to be known in the corresponding
situation for more general M . As a modest first step, we shall investigate the simplest
case in this note. We shall now explain this more precisely.
Let M be a smooth, connected, strictly pseudoconvex hypersurface in Cn+1. An invari-
ant of M that can be used to determine a range of codimensions (N − n) for which local
CR embeddings into the sphere S2N+1 ⊂ CN+1 are rigid is its CR complexity (introduced
in [ESar]; see also [BEH08])
(1.1)
µ(M) := min{N0 − n : ∃f0 : M → S
2N0+1 ⊂ CN0+1 with f0 locally a CR embedding.},
where we have to allow µ(M) to potentially take the value ∞ (meaning that M cannot
be locally embedded into S2N0+1 ⊂ CN0+1 for any N0; see [For86], [Far88], [Lem90]). We
remark that a CR mapping of M into the sphere (or any strictly pseudoconvex hyper-
surface) is a transversal local embedding if and only if it is non-constant and, hence, it
suffices to consider f0 that are non-constant in (1.1). We note that the prototype for
M with µ(M) = 0 is the sphere (and any M with µ(M) = 0 is locally spherical, i.e.
locally biholomorphic to the sphere). An example of M with µ(M) = 1 is given by any
(non-spherical) real ellipsoid; see Section 6 for further examples.
Our starting point is the following rigidity result due to the first author, X. Huang, and
D. Zaitsev:
Theorem 1. ([EHZ04], [EHZ05]) Let M be a smooth, connected, strictly pseudoconvex
hypersurface in Cn+1 with CR complexity µ(M) = N0 − n. If f : M → S
2N+1 ⊂ CN+1
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(necessarily with N ≥ N0) is a non-constant CR mapping such that
(1.2) N − n+ µ(M) < n
then f = T ◦ L ◦ f0, where f0 is any CR mapping in the definition (1.1) of µ(M),
L : CN0+1 → CN+1 is a linear embedding sending S2N0+1 into a subspace section of S2N+1,
and T : PN+1 → PN+1 is an automorphism of S2N+1.
We should point out that in the special case where M is the sphere S2n+1, so that
µ(M) = 0, the codimensional restriction (1.2) reads N − n < n. In this case, Theo-
rem 1 was first proved by Faran [Far86] assuming that the mapping f is real-analytic;
the smoothness requirement on f was subsequently lowered by several authors and the
strongest result in this direction (C2-smoothness suffices) is due to X. Huang [Hua99]. Ear-
lier versions of Theorem 1 were proved by Webster [Web79] in the special case N = n+1,
with n ≥ 2 in the case where M = S2n+1 and n ≥ 3 (with no reference to the CR
complexity) in the general case. In 1982, Faran [Far82] showed that Webster’s condition
n ≥ 2 in the sphere case is sharp by showing that there are precisely 4 non-equivalent
(non-constant) mappings sending S3 ⊂ C2 into S5 ⊂ C3 (i.e. n = 1, N = 2). One of these
mappings (the Whitney map) generalizes to show that the condition N − n < n in the
spherical case (µ(M) = 0) in Theorem 1 is also sharp: there are at least 2 non-equivalent
maps (the linear map and the Whitney map) S2n+1 → S2N+1 when N − n = n. In 2001,
X. Huang and S. Ji [HJ01] showed that these are the only two mappings up to equivalence
(in fact, up to composition with an automorphism of the target sphere). The purpose of
this note is to extend the result in [HJ01] to the more general setting of Theorem 1 in
the simplest possible case n = 2. More precisely, we wish to consider the situation where
M is a strictly pseudoconvex hypersurface in C3 (n = 2) and f : M → S2N+1 ⊂ CN+1 is
a non-constant CR mapping such that N − n + µ(M) = n, i.e. N − 2 + µ(M) = 2 or,
equivalently, N + µ(M) = 4. Since µ(M) = N0− n ≤ N − n by definition, there are only
two cases: (1) µ(M) = 0 and N = 4, in which case the result in [HJ01] asserts that there
are precisely 2 mappings up to composition with an automorphism of the target sphere,
and (2) µ(M) = 1 and N = 3. In this note, we shall show that also in the case (2) there
are at most 2 mappings up to composition with an automorphism of the target sphere:
Theorem 2. Let M be a smooth, connected, strictly pseudoconvex hypersurface in C3.
Then there are at most two non-constant CR mappings into S7 ⊂ C4 up to composition
with an automorphism of S7; i.e. if f1 : M → S
7 ⊂ C4, f2 : M → S
7 ⊂ C4, and f3 : M →
S7 ⊂ C4 are non-constant CR mappings, then there is an automorphism T of S7 and
j 6= k with j, k ∈ {1, 2, 3} such that fk = T ◦ fj.
By combining Theorem 1, the result in [HJ01], and the main new result in this paper,
we may summarize the situation for n = 2 as follows:
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Corollary 1. Let M be a smooth, connected, strictly pseudoconvex hypersurface in C3
with CR complexity µ(M) ≤ 1. Then, for
(1.3) N + µ(M) < 4,
there is only one non-constant CR mapping f : M → S2N+1 ⊂ CN+1 up to composition
with an automorphism of the target sphere S2N+1, and, for
(1.4) N + µ(M) = 4,
there are at most two non-constant CR mappings f : M → S2N+1 ⊂ CN+1 up to composi-
tion with an automorphism of the target sphere S2N+1.
We shall in fact prove a more refined version of Theorem 2 in which CR curvature
invariants of M divide the hypersurfaces in Theorem 2 into two classes, one for which
there is at most one mapping and one for which there are at most two (again, of course,
up to composition with an automorphism with the target sphere). In order to formulate
this result, we need to introduce some notation.
LetM ⊂ Cn+1 be a smooth, connected, strictly pseudoconvex hypersurface and p ∈M .
The CR (or pseudoconformal) curvature (the CR analogue of the Weyl curvature in
Riemannian geometry) was introduced by Chern and Moser in [CM74]. Let us choose a
contact form θ onM near p such that the Levi form ofM is positive definite, and extend θ
to an admissible (in the sense of Webster [Web78a]) CR coframe (θ, θ1, . . . , θn, θ1¯, . . . , θn¯),
so that
(1.5) dθ = igαβ¯θ
α ∧ θβ¯ ,
where the matrix (gαβ¯) represents the Levi form of M ; here and in what follows, we use
the summation convention and let α, β, . . . run over the index set {1, . . . , n}. Relative
to this coframe, the CR curvature is then represented, near p, by a Hermitian curvature
tensor (field)
(1.6) S : T 1,0 × T 1,0M × T 1,0 × T 1,0M → C,
where T 1,0M denotes the bundle of (1, 0) vector fields onM . Equivalently, using the dual
frame on T 1,0M , we can represent S in tensor notation as S = (Sαβ¯νµ¯). If we let X denote
the space of symmetric (2, 0) tensors on M near p,
(1.7) X := {xβµθ
β ⊗ θµ : xβµ = xµβ},
then S defines a (pointwise) linear map LS : X → X via (cf. [KO09])
(1.8) LS : x = (xβµ) 7→ (Sα
β
ν
µxβµ),
where we use the Levi form (gαβ¯) and its inverse (g
αβ¯) to lower and raise indices. The CR
curvature in (1.6), as well as the Levi form, and consequently the linear map LS depend
on the contact form θ, but the rank and the sign of the trace of LS are CR invariants (as
long as we require the Levi form with respect to θ to be positive definite); we shall use the
notation RkLS and trLS for the rank and trace of LS, respectively. We point out that
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M is locally spherical (i.e. µ(M) = 0) if and only if the CR curvature S is identically 0,
which of course happens if and only if Rk (LS) is identically 0. We should also point out
that dimX = n(n+ 1)/2; thus, dimX = 3 when n = 2.
We shall prove the following result, of which part (i) is precisely Theorem 2:
Theorem 3. Let M be a smooth, connected, strictly pseudoconvex hypersurface in C3.
Then the following hold:
(i) There are at most two non-constant CR mappings into S7 ⊂ C4 up to composition
with an automorphism of S7; i.e. if f1 : M → S
7, f2 : M → S
7, and f3 : M → S
7 are
non-constant CR mappings, then there are an automorphism T of S7 and j 6= k with
j, k ∈ {1, 2, 3} such that fk = T ◦ fj.
(ii) If there exists an open subset U ⊂ M such that RkLS < 2 in U , or RkLS = 2 and
trLS < 0 in U , then there is at most one non-constant CR mapping into S
7 ⊂ C4 up
to composition with an automorphism of S7; i.e. if f1 : M → S
7 and f2 : M → S
7 are
non-constant CR mappings, then there is an automorphism T of S7 such that f2 = T ◦ f1.
A crucial ingredient in the proof of Theorem 3 is a careful study of the Gauss equation,
which for a transversal local CR embedding f : M → S2N+1 relates the CR curvature of
M to the CR second fundamental form of f . In proving rigidity results of the form given
e.g. by Theorem 1, the corresponding step is typically dealt with in the following way:
Assume there are two solutions to the Gauss equation. By subtracting the two Gauss
equations, the curvature term is eliminated and, under suitable conditions, it is possible
to show that the two solutions are equal (up to an inevitable, but natural action). This
approach will not work if more than one solution is expected, unless the expected solutions
are known (as in the case M = S2n+1 and N − n = n, where the linear embedding and
the Whitney map are both solutions) and an arbitrary solution is compared to one of the
known solutions. A novelty in the present paper is that we study the number of solutions
to the Gauss equation directly, including the curvature term. As a result, we are also
able to identify a new class of strictly pseudoconvex hypersurfaces in C3, in terms of their
CR curvatures, whose embeddings into the sphere remain rigid in a larger codimensional
range than that predicted by Theorem 1. This is part (ii) of Theorem 3.
2. Basic Setup
We shall use the setup from [EHZ04] (see also [BEH08] and [ESar]), to which the reader
is referred for details. Let M be a smooth, connected, strictly pseudoconvex hypersurface
in Cn+1, so that M is a CR manifold of CR dimension n and real dimension 2n+ 1. We
will work withM , locally near a given point p ∈M , by fixing a choice of pseudohermitian
structure (i.e. a contact form) θ ∈ T c(M)⊥, where T c(M) is the complex tangent bundle
of the CR manifold M. As in the introduction, we extend θ to an adapted CR coframe
for the complexified tangent space of M , (θ, θα, θβ¯)nα,β=1; i.e. (θ, θ
α) is a coframe for the
space of (1, 0) forms (a.k.a. sections of (T ∗)1,0M := (T 0,1M)⊥), θβ¯ = θβ, and (1.5) holds.
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The matrix (gαβ¯)
n
α,β=1 is a representative of the Levi form. For the purposes of this paper
we shall require, as we may, that gαβ¯ = δαβ¯ . By a slight abuse of notation, we shall
frequently refer to the collection (θ, θα)nα=1, which determines the full coframe, as the
admissible coframe. For a fixed pseudohermitian structure θ and choice of Levi form, the
1-forms θα in the coframe are determined up to unitary transformations.
Let f : M → Mˆ be a transversal, local CR embedding of a strictly pseudoconvex,
hypersurface M ⊂ Cn+1 into another such Mˆ ⊂ CN+1. Due to the strict pseudoconvexity
of M and Mˆ , as mentioned in the introduction, f is transversal and a local embedding
if and only if f is non-constant. By Corollary 4.2 in [EHZ04], given any admissible
coframe (θ, θα)nα=1 as above, defined locally near p ∈M there exists an admissible coframe
(θˆ, θˆA)NA=1 on Mˆ , defined near f(p) ∈ Mˆ , so that:
(2.1) f ∗(θˆ, θˆα, θˆa) = (θ, θα, 0),
and such that gˆAB¯ = δAB¯. Here, and for the rest of this paper, we use the following
convention: Lower case Greek letters vary from 1 to n, α, β, . . . ∈ {1, ..., n}, capital
Roman letters vary from 1 to N , A,B . . . ∈ {1, ..., N}, and lower case Roman letters vary
in the normal direction a, b, . . . ∈ {n + 1, ..., N}. We shall say that the coframe (θˆ, θˆA) is
adapted to f with respect to (θ, θα) if it satisfies (2.1) and the Levi form in this coframe
is the identity matrix.
Choose an adapted coframe on Mˆ . We will omit the ”hats” from the adapted coframe
from now on. The CR second fundamental form of f is given by
(2.2) Πf = ω
a
α β θ
α ⊗ θβ ⊗ La,
where (T, LA, LB¯) is a dual frame to the coframe (θ, θ
A, θB¯), and the ω aα β are determined
by
(2.3) f ∗ωˆ aα = ω
a
α βθ
β .
The coefficients ωα
a
β are symmetric in the lower indices:
ω aα β = ω
a
β α
The second fundamental form is said to be nondegenerate if the collection of vectors
(ωα
a
β)
N
a=n+1 ∈ C
N−n spans CN−n as we vary α and β over their index set.
In the paper by Chern and Moser [CM74], a complete system of invariant forms (a
parallelism)
(ω, ωα, ωβ¯, φ, φ αβ , φ
α¯
β¯ , φ
α, φα¯, ψ)
is constructed on a certain principle G-bundle over M . By choosing an admissible CR
coframe we may pull these forms back to M (with (ω, ωα, φ) pulling back to (θ, θα, 0)).
Using an adapted coframe on Mˆ , the same can be done for Mˆ and these forms can then
be pulled back toM via the CR mapping f . The following result from [EHZ04] (Theorem
6.1 there) will be important for the conclusion of this paper.
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Theorem 4. ([EHZ04]) Let f : M → S be a CR-embedding of a strictly pseudoconvex
CR-manifold M of dimension 2n+1, n ≥ 2, into the unit sphere S ⊂ CN+1. Let (ω aα β) be
the second fundamental form of the embedding f with respect to some coframe on Mˆ = S
adapted to the embedding f and an admissible CR coframe onM . If the second fundamental
form is nondegenerate, then any other embedding f˜ : M → S having the same second
fundamental form relative to some (other) coframe on S adapted to f˜ and the same coframe
on M (i.e. if (ω aα β) = (ω˜
a
α β) and f˜
∗(θ˜, θ˜α) = f ∗
(
θˆ, θˆα) ), then
(2.4) f˜ ∗
(
˜ˆ
φ AB ,
˜ˆ
φA,
˜ˆ
ψ
)
= f ∗
(
φˆ AB , φˆ
A, ψˆ
)
.
3. The CR Curvature Tensor
Given an admissible CR coframe (θ, θα) on M , the CR (pseudoconformal) curvature
tensor of M ,
(3.1) S : T 1,0 × T 1,0M × T 1,0 × T 1,0M → C,
is represented by a Hermitian, traceless, curvature tensor (field) S = (Sαβ¯νµ¯) on M ; i.e.
the coefficients Sαβ¯νµ¯ satisfy:
(3.2) Sαβ¯νµ¯ = Sνβ¯αµ¯ = Sνµ¯αβ¯ = Sβ¯αµ¯ν(:= Sβα¯µν¯),
and the trace condition
(3.3) S µ
µ αβ¯
= 0,
where, as mentioned in the introduction, we use the summation convention, and use the
Levi form and its inverse to lower and raise indices. The sectional curvature is represented
by the degree 4 homogeneous polynomial S(ζ, ζ¯), for ζ ∈ Cn, defined as
(3.4) S(ζ, ζ¯) = Sαβ¯µν¯ζ
αζµζ β¯ζ ν¯.
Notice that the trace condition (3.3) is equivalent to ∆S(ζ, ζ¯) = 0, where ∆ := (∂α∂
α)/4,
with ∂α := ∂/∂ζ
α, is the Laplacian.
For the remainder of this paper we focus on the case n = 2. Using the symmetry
properties in (3.2) for the coefficients of the curvature tensor, we see that the polynomial
in (3.4) can be written as:
(3.5) S(ζ, ζ¯) = Z

 S11¯11¯ 2S11¯12¯ S12¯12¯2S11¯21¯ 4S11¯22¯ 2S12¯22¯
S21¯21¯ 2S21¯22¯ S22¯22¯

Z∗
where Z is the row vector of degree 2 monomials in ζ ; Z = ((ζ1)2, ζ1ζ2, (ζ2)2). Using the
Hermitian condition in (3.2) and the trace condition (3.3) we also note that the sectional
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curvature is of the form:
(3.6) S(ζ, ζ¯) = Z

 a b cb¯ −4a −b
c¯ −b¯ a

Z∗
where a := S11¯11¯ ∈ R, b := 2S11¯12¯ ∈ C, and c := S12¯12¯ ∈ C. For a fixed contact form θ,
the coefficients Sαβ¯µν¯ are determined up to a unitary transformation in ζ (or equivalently
a unitary change of the θα). If we let ζ˜ = ζU for some U ∈ SU(2,C), i.e. U of the form
U =
(
p q
−q¯ p¯
)
with |p|2 + |q|2 = 1, then by substituting into (3.4) and computing, we observe that the
new matrix elements in (3.6) are given by
(3.7)
a˜ = (|p|4 − 4|pq|2 + |q|4)a+ pq(|q|2 − |p|2)b+ p¯q¯(|q|2 − |p|2)b¯+ p2q2c+ p¯2q¯2c¯
b˜ = 6pq¯(|p|2 − |q|2)a + p2(|p|2 − 3|q|2)b+ q¯2(|q|2 − 3|p|2)b¯− 2p3qc+ 2p¯q¯3c¯
c˜ = 6p2q¯2a+ 2p3q¯b− 2pq¯3b¯+ p4c + q¯4c¯.
Notice that c˜ is a holomorphic, degree 4 homogeneous polynomial in the complex variables
p and q¯. Since this polynomial vanishes at (p, q¯) = (0, 0), its zero set meets the unit sphere
|p|2 + |q¯|2 = 1. (Indeed, it meets the unit sphere along a ”bouquet” of at most 4 circles.)
Thus, after a unitary transformation in ζ , we may assume that c = 0 and the curvature
tensor S is represented by:
(3.8) S(ζ, ζ¯) = Z

 a b 0b¯ −4a −b
0 −b¯ a

Z∗.
If desired, one can further normalize the coefficient matrix of S(ζ, ζ¯) so that the coefficient
b becomes real and non-negative, which would leave only a finite number of U ∈ SU(2, C)
preserving this normalization in the generic case; however, this will not be needed in this
paper and will not be pursued here.
Let us now turn to the induced linear map LS : X → X , given by (1.8), using the
notation introduced above. Recall that the space X of symmetric (2, 0) tensors, given by
(1.7), has dimension 3 in the situation studied here (n = 2). If we identify X with the
space of complex, symmetric 2× 2 matrices in the obvious way, and choose the following
basis for this space,
(3.9) e1 :=
(
1 0
0 0
)
, e2 :=
(
0 1
1 0
)
, e3 :=
(
0 0
0 1
)
,
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then a straightforward calculation (left to the reader) reveals that in this basis LS is
represented by the following matrix:
(3.10) LS =

 a b 0b/2 −2a −b¯/2
0 −b¯ 0

 ,
where we have used that fact that c has been normalized to be zero. We readily obtain
the following:
Proposition 3.1. In an admissible CR coframe (θ, θα) forM ⊂ C3 such that the sectional
CR curvature has the normalized form (3.8), the following holds:
(i) trLS = −a.
(ii) a 6= 0 and b 6= 0 ⇐⇒ RkLS = 3.
(iii) a 6= 0 and b = 0 ⇐⇒ RkLS = 2 and trLS 6= 0.
(iv) a = 0 and b 6= 0 ⇐⇒ RkLS = 2 and trLS = 0.
(v) a = 0 and b = 0 ⇐⇒ RkLS < 2.
4. The Gauss Equation
Suppose that f : M ⊂ Cn+1 → S ⊂ CN+1 is a transversal CR embedding (locally) of
a strictly pseudoconvex CR hypersurface M into the sphere, and let us choose admissible
and adapted coframes with respect to f as described above. In [EHZ04] the following CR
Gauss Equation is established:
Sαβ¯µν¯ =− gab¯ω
a
α µω
b¯
β¯ ν¯
+
1
n+ 2
(ω aγ αω
γ
aβ¯
gµν¯ + ω
a
γ µω
γ
aβ¯
gαν¯ + ω
a
γ αω
γ
aν¯gµβ¯
+ ω aγ µω
γ
aν¯gαβ¯)−
ω aγ δω
γ δ
a
(n+ 1)(n+ 2)
(gαβ¯gµν¯ + gαν¯gµβ¯).
Using the fact that the Levi form has been normalized to be the identity matrix, we obtain
for the sectional CR curvature:
S(ζ, ζ¯) = −
∑
a
ω aα µω
a¯
β¯ ν¯ζ
αζµζ β¯ζ ν¯ +
4
n + 2
ω aγ αω
γ
aβ¯
ζαζ β¯|ζ |2 −
2ω aγ δω
γ δ
a
(n+ 1)(n+ 2)
|ζ |4
= −
∑
a
|ωa(ζ)|2 +
1
n+ 2
∣∣∣∣
∣∣∣∣∂ω(ζ)∂ζ
∣∣∣∣
∣∣∣∣
2
||ζ ||2 −
1
2(n+ 1)(n+ 2)
∣∣∣∣
∣∣∣∣∂2ω(ζ)∂ζ2
∣∣∣∣
∣∣∣∣
2
||ζ ||4
where
(4.1) ωa(ζ) := ω aα βζ
αζβ, ||ζ ||2 :=
∑
α
|ζα|2.
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Here, we have also used the notation∣∣∣∣
∣∣∣∣∂ω(ζ)∂ζ
∣∣∣∣
∣∣∣∣
2
,
∣∣∣∣
∣∣∣∣∂2ω(ζ)∂ζ2
∣∣∣∣
∣∣∣∣
2
for suitable norms (which will not be important in this paper) of the corresponding de-
rivative tensors. For our purposes, we note that the Gauss Equation asserts that there
exists an n× n Hermitian matrix A such that:
(4.2) S(ζ, ζ¯) + ζAζ∗||ζ ||2 = −
∑
a
|ωa(ζ)|2.
The Gauss Equation also specifies the matrix A = (Aαβ¯) to be
(4.3) Aαβ¯ =
∑
a
(
−
4
n + 2
ω aγ αω
γ
aβ¯
+ 2
ω aγ δω
γ δ
a
(n+ 1)(n+ 2)
δαβ¯
)
,
although this will not be important for our purposes in this paper.
We begin with the following observation.
Lemma 4.1. Suppose equation (4.2) is satisfied with some harmonic polynomial S(ζ, ζ¯),
some Hermitian n×n matrix A, and some holomorphic polynomials ωa(ζ). Then, ωa(ζ) ≡
0, for all a, if and only if S(ζ, ζ¯) = 0.
Proof. The ”if” part is obvious due to the negative sign on the right in (4.2). The converse
is a direct consequence of a classical result due to E. Fischer (see e.g. [Sha89]): Every
polynomial can be uniquely decomposed as a sum of a harmonic polynomial and a multiple
of ||ζ ||2. 
We now consider a CR embedding f : M → S7 of a strictly pseudoconvex CR hyper-
surface M ⊂ C3 into the sphere S7 ⊂ C4. In this situation, we have n = 2, N = 3,
and N − n = 1. The CR second fundamental form of f satisfies the Gauss Equation
(4.2), where the sum on the right has only one term (a = 3). By Lemma 4.1, the second
fundamental form will be identically zero on an open subset U ⊂M if and only if the CR
curvature is identically zero on U , or equivalently, M is locally spherical on U . It follows
from Theorem 1 in this case that f equals T ◦ L ◦ f0 on an open subset V ⊂ U ⊂ M ,
where f0 is a local CR diffeomeorphism of V onto an open piece of the sphere S
5 ⊂ C3
(µ(V ) = 0 and N − n = 1 < 2 = n). Thus, if we have two non-constant CR mappings
f1 : M → S
7 and f2 : M → S
7, then, after composition with yet another automorphism of
the target sphere if necessary, they will agree on an open subset of M and, therefore, will
agree on all of M by unique continuation of CR mappings along the connected, strictly
pseudoconvex (or simply minimal) hypersurface M . Thus, the conclusion in Theorem 3
(ii) in the case RkLS = 0 on U follows. Moreover, by Proposition 3.1, we have RkLS < 2
if and only if RkLS = 0 and hence, we conclude that the conclusion of Theorem 3 (ii)
holds if RkLS < 2 on an open subset U ⊂M .
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In view of the previous paragraph, in what follows we may assume that we are at a
point where the CR curvature S and the second fundamental form of f do not vanish; i.e.
we may assume that ab 6= 0 and the single component ω3(ζ) 6≡ 0. Now, given a Hermitian
2× 2 matrix
(4.4) A =
(
τ η
η¯ ρ
)
, τ, ρ ∈ R, η ∈ C,
a straightforward calculation shows that we may rewrite ζAζ∗||ζ ||2 in the form ZA˜Z∗,
where A˜ is the Hermitian 3× 3 matrix given by
A˜ :=

 τ σ 0σ¯ τ + ρ σ
0 σ¯ ρ

 .
Thus, by combining equations (3.8) and (4.2), we conclude that there exists a 2 × 2
Hermitian matrix A of the form (4.4) associated to the embedding f such that:
(4.5) Z



 a b 0b¯ −4a −b
0 −b¯ a

+

 τ σ 0σ¯ τ + ρ σ
0 σ¯ ρ



Z∗ = −|ω(ζ)|2
where we use the notation ω(ζ) for the single component ω3(ζ), defined in (4.1) with
a = 3, and Z, as above, is the row vector Z = ((ζ1)2, ζ1ζ2, (ζ2)2). Let us introduce the
notation TA for the sum of the two 3× 3 matrices appearing in (4.5),
(4.6) TA :=

 τ + a σ + b 0σ¯ + b¯ τ + ρ− 4a σ − b
0 σ¯ − b¯ ρ+ a

 .
Thus, we conclude that if M has a (local) CR embedding into the sphere S7 then there
exists a Hermitian 2× 2 matrix A such that
(4.7) ZTAZ
∗ = −|ω(ζ)|2
where ω(ζ), a degree 2 homogeneous polynomial in ζ , represents the second fundamental
form of f .
Now, recall that the curvature tensor S (i.e. the coefficients a, b) is fixed. We will show
that there are at most 2 distinct matrices A, with corresponding degree 2 homogeneous
polynomials ω(ζ), which satisfy equation (4.7). It is easy to see that if two pairs (A, ω(ζ))
and (A˜, ω˜(ζ)) satisfy (4.7), then A = A˜ if and only if |ω(ζ)|2 ≡ |ω˜(ζ)|2 (or, equivalently,
ω(ζ) ≡ eitω˜(ζ) for some t ∈ R). Thus, counting matrices A that solve (4.7) for some ω(ζ)
is equivalent to counting (potential) second fundamental forms ω(ζ), up to the equivalence
relation
(4.8) ω(ζ) ∼ ω˜(ζ) ⇐⇒ ∃t ∈ R : ω(ζ) ≡ eitω˜(ζ),
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that satisfy (4.7) for some A. Using this, we will then conclude the proof of Theorem 3
in the next section. We begin with the following:
Lemma 4.2. Given a 2× 2 Hermitian matrix A, the equation (4.7) is satisfied for some
homogeneous degree 2 polynomial ω(ζ) 6≡ 0 if and only if Rk (TA) = 1 and TA ≤ 0.
Proof. Suppose (4.7) is satisfied with ω(ζ) 6≡ 0. Observe that we may express ω(ζ) in the
form Zv, where Z is as above and v 6= 0 is a column vector in C3, and hence we obtain
(4.9) |ω(ζ)|2 = ZWZ∗ , W = vv∗
Clearly, (4.7) implies TA = −W . By construction, W is a positive semidefinite, rank 1
matrix, which proves the ”only if” part.
Now suppose Rk (TA) = 1 and TA ≤ 0. Since TA is Hermitian this implies there exists
a unitary 3× 3 matrix U = (u1|u2|u3) (where the uj are the columns of U), so that:
(4.10) TA = U

 −κ2 0 00 0 0
0 0 0

U∗
and, hence,
(4.11) ZTAZ
∗ = −|κZu1|
2.
Thus, equation (4.7) is satisfied with
ω(ζ) = κZu1.

For fixed a ∈ R, b ∈ C (with ab 6= 0), we shall now determine for which values of
τ, ρ,∈ R and σ ∈ C the matrix TA in (4.6) has rank 1 and is negative semidefinite. We
will break the possibilities for a, b up into cases.
Case 1: a 6= 0, b = 0. To obtain RkTA = 1, we clearly must have σ = 0 and we are left
with:
(4.12) TA =

 τ + a 0 00 τ + ρ− 4a 0
0 0 ρ+ a


Now, RkTA = 1 can only be achieved with τ = −a, ρ = −a or τ = −a, ρ = 5a or
τ = 5a, ρ = −a. This leaves three possibilities for TA:
(4.13) TA ∈



 0 0 00 −6a 0
0 0 0

 ,

 0 0 00 0 0
0 0 6a

 ,

 6a 0 00 0 0
0 0 0




We conclude that there is at most one choice of τ, ρ, σ such that TA has rank 1 and is
negative semidefinite if a > 0, and at most two choices if a < 0.
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Case 2: b 6= 0. A moments reflection reveals that if b 6= 0 and RkTA = 1, then either
σ = b or σ = −b. If σ = b, then we must also have ρ = −a and thus
(4.14) TA =

 τ + a 2b 02b¯ τ − 5a 0
0 0 0

 .
The rank 1 condition for TA then implies τ
2 − 4aτ − 5a2 − 4|b|2 = 0 or, equivalently,
τ± = 2a ±
√
9a2 + 4|b|2. Let λ = λ± denote the non-zero eigenvalue of TA with ρ = −a
and τ = τ±. A straightforward calculation shows that λ± = ∓
√
9a2 + 4|b|2 and, hence,
with σ = b there is only one choice of τ, ρ for which TA has rank 1 and is negative
semidefinite.
The choice σ = −b is symmetric to the one where σ = b, with the roles of τ and ρ
reversed. Again we conclude that with σ = −b there is only one choice for τ, ρ for which
TA has rank 1 and is negative semidefinite.
Thus, when b 6= 0 we conclude that there are precisely two choices of τ, ρ, σ for which
TA has rank 1 and is negative semidefinite.
We can summarize the analysis above in the following proposition.
Proposition 4.1. Let (θ, θα) be an admissible CR coframe for M ⊂ C3 such that the sec-
tional CR curvature S(ζ, ζ¯) has the normalized form (3.8). Consider the Gauss Equation
for the second fundamental forms ω(ζ) of CR mappings f : M ⊂ S7 ⊂ C4,
(4.15) S(ζ, ζ¯) + ζAζ∗||ζ ||2 = −|ω(ζ)|2,
where A is any Hermitian 2 × 2 matrix. Let LS : X → X be the linear map, given by
(1.8), associated to the CR curvature. The following holds:
(i) If RkLS < 2, then S(ζ, ζ¯) ≡ 0, and ω(ζ) ≡ 0 is the only solution to (4.15).
(ii) If RkL = 2 and trLS < 0, then there is precisely one solution ω(ζ) to (4.15), up to
the equivalence given by (4.8).
(iii) If RkLS = 3 or RkL = 2 and trLS ≥ 0, then there are precisely two solutions ω(ζ)
to (4.15), up to the equivalence given by (4.8).
5. Proof of Theorem 3
Suppose f, f˜ : M ⊂ C3 → S7 ⊂ C3 are two non-constant CR mappings. As mentioned
already in the introduction, it is well known (using the Hopf boundary point lemma and
an identity relating the Levi forms of M and S7) that both f and f˜ are transversal,
local embeddings of M into the sphere S7. By the unique continuation property of CR
functions along the connected, strictly pseudoconvex hypersurface M (any CR function
extends smoothly and holomorphically to a connected, open subset of C3 with M in
its boundary), it suffices to show that there exists an automorphism T of S7 such that
f = T ◦ f˜ locally near some point p ∈ M to conclude that f = T ◦ f˜ holds on M . We
14 PETER EBENFELT AND ANDRE´ MINOR
shall pick a point p ∈ U ⊂ M and an open neighborhood V ⊂ U of p such that the rank
of LS is constant in V . Moreover, if this rank is equal to 2, then we shall further require
that either trLS ≡ 0 in V , or trLS has constant sign in V .
Let us choose an admissible CR coframe (θ, θα) forM in V such that the CR curvature
has the normalized form (3.8). Let (θ, θA) and (θ˜, θ˜A) be admissible coframes on S7 defined
on open neighborhoods of f(p) and f˜(p) and adapted to f and f˜ , respectively, with respect
to the chosen coframe (θ, θα) on M . (Here, we may need to shrink V .) Assume now that
the respective second fundamental forms ω(ζ) and ω˜(ζ) of f and f˜ at q, for every q ∈ V ,
satisfy
(5.1) ω˜(ζ) ≡ h(q)ω(ζ),
where h : V → C is some unimodular function. (We remark here that the dependence on
q in the second fundamental forms ω(ζ) and ω˜(ζ) has been suppressed in the notation.)
If we make the following unitary change of admissible coframe adapted to f , θ3 7→ hθ3
(or, equivalently, for the dual frame L3 7→ L
3/h), then relative to this new coframe the
second fundamental form of f satisfies
(ω aα β) = (ω˜
a
α β).
We note that in the situation considered here (N − n = 1) the second fundamental form
(ωα
a
β) is nondegenerate precisely when it is not identically zero. Let us proceed under
the additional assumption that (ωα
a
β) is not zero in V . We may apply Theorem 4 (a.k.a.
Theorem 6.1 from [EHZ04]) to conclude
(5.2) f˜ ∗(φ˜ AB , φ˜
A, ψ˜) = f ∗(φ AB , φ
A, ψ),
where these forms are the Chern-Moser forms first pulled back to Mˆ via the choices of
adapted coframes on Mˆ near f(p) and f˜(p), respectively, and then pulled back to M via
f and f˜ . We now proceed exactly as in Section 8 of [EHZ04] (see also Lemma (1.1) in
[Web79]) to conclude that there is an automorphism of the sphere, T ∈ Aut (S7), such
that
(5.3) f = T ◦ f˜
in V and, hence, on M . Thus, given f and f˜ as above, the identity (5.1) implies (5.3),
provided (ωα
a
β) is not zero in V .
We shall now complete the proof of Theorem 3. The proof of part (ii) in the case
where RkLS < 2 is given in the paragraph following Lemma 4.1 above. If RkLS = 2 and
trLS < 0 in V , then Proposition 4.1 implies that the second fundamental forms of f1 and
f2, with f1 = f and f2 = f˜ , satisfy (5.1) and do not vanish in V . Hence, the conclusion
of Theorem 2 (ii) follows also in this case (by the arguments in the preceding paragraph).
Now, to prove part (i) of Theorem 3, it clearly suffices to assume that RkLS ≥ 2 (since
part (ii) has been proved). Given f1, f2, and f3 as in part (i), Lemma 4.1 implies that
there are j 6= k with j, k ∈ {1, 2, 3} such that the second fundamental forms of fj and fk,
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with fj = f and fk = f˜ , satisfy (5.1) and do not vanish in V . Again, the conclusion of
Theorem 3 (i) follows as above. 
6. Examples and Concluding Remarks
As mentioned in the introduction, there are well known examples showing that Corollary
1 is sharp in the case where M is the sphere (or spherical, µ(M) = 0), namely the linear
embedding and the Whitney map. When M is not spherical, however, constructing
inequivalent mappings in the critical codimension where rigidity potentially breaks down
has turned out to be quite elusive so far, and the authors do not have any examples in the
setting of Theorem 2 where there are two inequivalent mappings. (Of course, by using
inequivalent mappings between spheres, it is easy to construct inequivalent mappings for
generalM when the codimension is sufficiently high.) We conclude this paper by recording
a couple of examples of CR embeddings M ⊂ C3 → S7 where µ(M) = 1. These examples
were both originally given by Webster in [Web78b].
Example 6.1. Suppose M ⊂ C3 is a real ellipsoid given by the equation:
M = {z ∈ C3 : ||z||2 + b(z) + b(z)− 1 = 0}
where b(z) = bαβz
αzβ is a homogeneous degree two holomorphic polynomial in z. Then
it is easy to verify that the map f :M → S7 ⊂ C4 given by
(6.1) f(z1, z2, z3) =
1
1− b(z)
(z1, z2, z3, b(z))
sends M into the sphere S7.
Example 6.2. More generally, any real hypersurface M ⊂ Cn with a defining equation
of the form
M = {z ∈ Cn : |z|2 + b(z) + b(z)− 1 ≡ 0},
with b(z) holomorphic in Cn, may be embedded into the sphere S2n+1 ⊂ Cn+1 via the
map:
f(z) =
1
1− b(z)
(z1, z2, z3, ..., zn, b(z))
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